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Gravitational Lensing

• multiple images of one source

• time delay and magnification 

between the images

mailto:sarah.wagner@uni-wuerzburg.de
https://www.mdpi.com/2073-8994/9/10/202
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Gravitational Lensing
• delay is achromatic, only 

depends on geometry

• is radio emission region 

spatially coinciding with 
gamma-ray emission region?

mailto:sarah.wagner@uni-wuerzburg.de
https://www.mdpi.com/2073-8994/9/10/202
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PKS 1830-211 in y-rays

Lensed images are not resolved —> light curve is a superposition of the 
source intrinsic light curve x(t) and delayed, magnified copies of itself.

magnification ratio   and   delay   =   lens observables

in case of two images:
<latexit sha1_base64="PQCkGReeD80FRUSWH50x+OfChsM=">AAACAnicbZDLSgMxFIYz9VbrrepK3ASL0KKWGfG2EYpuXFawF2iHIZOmbWgmMyRnxDIUN76KGxeKuPUp3Pk2ppeFth4I+fj/c0jO70eCa7Dtbys1N7+wuJRezqysrq1vZDe3qjqMFWUVGopQ1X2imeCSVYCDYPVIMRL4gtX83vXQr90zpXko76AfMTcgHcnbnBIwkpfd6eehgC/xw/A6wKR5aOgIPLvgZXN20R4VngVnAjk0qbKX/Wq2QhoHTAIVROuGY0fgJkQBp4INMs1Ys4jQHumwhkFJAqbdZLTCAO8bpYXboTJHAh6pvycSEmjdD3zTGRDo6mlvKP7nNWJoX7gJl1EMTNLxQ+1YYAjxMA/c4opREH0DhCpu/opplyhCwaSWMSE40yvPQvW46JwVT29PcqWrSRxptIv2UB456ByV0A0qowqi6BE9o1f0Zj1ZL9a79TFuTVmTmW30p6zPH6U0lGg=</latexit>

y(t) = x(t) + a x(t� t0)

mailto:sarah.wagner@uni-wuerzburg.de
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Determine Delay

(A) 
Peak


distances

(B) 
Auto


correlation

(C) 
Metric


optimization

Lensed images are not resolved —> light curve is a superposition of the 
source intrinsic light curve x(t) and delayed, magnified copies of itself.

magnification ratio   and   delay   =   lens observables

in case of two images:
<latexit sha1_base64="PQCkGReeD80FRUSWH50x+OfChsM=">AAACAnicbZDLSgMxFIYz9VbrrepK3ASL0KKWGfG2EYpuXFawF2iHIZOmbWgmMyRnxDIUN76KGxeKuPUp3Pk2ppeFth4I+fj/c0jO70eCa7Dtbys1N7+wuJRezqysrq1vZDe3qjqMFWUVGopQ1X2imeCSVYCDYPVIMRL4gtX83vXQr90zpXko76AfMTcgHcnbnBIwkpfd6eehgC/xw/A6wKR5aOgIPLvgZXN20R4VngVnAjk0qbKX/Wq2QhoHTAIVROuGY0fgJkQBp4INMs1Ys4jQHumwhkFJAqbdZLTCAO8bpYXboTJHAh6pvycSEmjdD3zTGRDo6mlvKP7nNWJoX7gJl1EMTNLxQ+1YYAjxMA/c4opREH0DhCpu/opplyhCwaSWMSE40yvPQvW46JwVT29PcqWrSRxptIv2UB456ByV0A0qowqi6BE9o1f0Zj1ZL9a79TFuTVmTmW30p6zPH6U0lGg=</latexit>

y(t) = x(t) + a x(t� t0)

Wagner+ in prep

mailto:sarah.wagner@uni-wuerzburg.de


lightcurves

Image: https://www.esa.int/ESA_Multimedia/Images/2015/07/Gravitational_lensing#.YzTN2pCFR7g.link

let's  
connect!

https://github.com/swagner-astro/lightcurves
https://pypi.org/project/lightcurves/
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LCs and SDEs

log_10(x)

10^x

Monthly binned Fermi-LAT LCs show characteristic OU parameters.. 
physical interpretation?

mailto:sarah.wagner@uni-wuerzburg.de
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OU Process

uT+1 = uT + ✓�t(µ� uT ) + �
p
�tNT

Drift Diffusion
„draw back“ to  mean 

revision level      at 
mean revision rate   .

white noise described 
with Gaussian around 0 

and variance      .
µ

✓ �2

mailto:sarah.wagner@uni-wuerzburg.de
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Particle Acceleration

Krülls & Achterberg 1994

mailto:sarah.wagner@uni-wuerzburg.de
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Fokker Planck Equation

t 0
t 1

t

x
0

x

f
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)

A
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Evolution of probability density function over time

t0 t1

t

x0

x

f(x)

A=0; B=1

mailto:sarah.wagner@uni-wuerzburg.de


Utilizing gamma-rays to study AGN jets sarah.wagner@uni-wuerzburg.de

Sarah M Wagner

11

Fokker Planck Equation

t0 t1

t

x0

x

f(x)

A=0; B=1Evolution of probability density function over time
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Solving Fokker-Planck Eq
Fokker-Planck equation


is equivalent to (Arnold 1973)


 
 

a system of Stochastic Differential Equations (SDEs)

dXt,i

dt
= Ai(t,Xt) +

NX

j=1

Bi,j(t,Xt)
dW⌧

d⌧

@f(t,x)

@t
=�

NX

i=1

@

@xi

⇣
Ai(t,x)f(t,x)

⌘
+

+
NX

i=1

NX

j=1

@2

@xi @xj

 
1

2

NX

k=1

Bi,k(t,x)Bi,k(t,x)

!
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WIP: Light curves

preliminary

Solving Fokker-Planck Eq
Gives probability density of charged particles in every time step 
also accounting for losses —> compute time resolved emission

mailto:sarah.wagner@uni-wuerzburg.de
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Thank you! Any questions?

• delay induced by gravitational lensing can be utilized 
to study emission region, e.g. PKS 1830-211

Utilizing gamma-rays to study AGN jets

• monthly Fermi-LAT light curves can be described 
by OU process with constrained parameters

• self consistent model for acceleration mechanisms 
resulting in time resolved SEDs and light curves

t0 t1

t

x0

x

f(x)

A=0; B=1

mailto:sarah.wagner@uni-wuerzburg.de
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Backups

mailto:sarah.wagner@uni-wuerzburg.de
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PKS 1830-211 in radio

• FSRQ 

• two images  

• separated by  
~1 arcsec 

• Lovell et al. (1998) for 
radio core:

• time delay: 26 +4/−5

8.4-GHz VLA, Jauncey et al. 1991

mailto:sarah.wagner@uni-wuerzburg.de
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PKS 1830-211

Muller et al. 2020

• FSRQ, relatively close to 
galactic plane


• gravitationally lensed 

• two images (A & B) with 

core (red cross) and faint 
extension (yellow circle)


• separated by ~1 arcsec

• much fainter third image 

(C) neglected here

ALMA

mailto:sarah.wagner@uni-wuerzburg.de
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Barnacka 2015

mailto:sarah.wagner@uni-wuerzburg.de
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PKS 1830-211 in y-rays

Lensed images are not resolved —> light curve is a superposition of the 
source intrinsic light curve x(t) and delayed, magnified copies of itself.

magnification ratio   and   delay   =   lens observables

in case of two images:
<latexit sha1_base64="PQCkGReeD80FRUSWH50x+OfChsM=">AAACAnicbZDLSgMxFIYz9VbrrepK3ASL0KKWGfG2EYpuXFawF2iHIZOmbWgmMyRnxDIUN76KGxeKuPUp3Pk2ppeFth4I+fj/c0jO70eCa7Dtbys1N7+wuJRezqysrq1vZDe3qjqMFWUVGopQ1X2imeCSVYCDYPVIMRL4gtX83vXQr90zpXko76AfMTcgHcnbnBIwkpfd6eehgC/xw/A6wKR5aOgIPLvgZXN20R4VngVnAjk0qbKX/Wq2QhoHTAIVROuGY0fgJkQBp4INMs1Ys4jQHumwhkFJAqbdZLTCAO8bpYXboTJHAh6pvycSEmjdD3zTGRDo6mlvKP7nNWJoX7gJl1EMTNLxQ+1YYAjxMA/c4opREH0DhCpu/opplyhCwaSWMSE40yvPQvW46JwVT29PcqWrSRxptIv2UB456ByV0A0qowqi6BE9o1f0Zj1ZL9a79TFuTVmTmW30p6zPH6U0lGg=</latexit>

y(t) = x(t) + a x(t� t0)

preliminary

mailto:sarah.wagner@uni-wuerzburg.de
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Bayesian Blocks

„Identify and characterize statistically significant variations while 
suppressing the inevitable corrupting observational errors“ 

(Scargle et al. 2013)

mailto:sarah.wagner@uni-wuerzburg.de
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HOP algorithm

„Hop to highest neighbor of each data point“= identify peaks 
Proceed downwards analogous to watershed method 

(Wagner 2021, Meyer 2019)

mailto:sarah.wagner@uni-wuerzburg.de
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Peak distances

preliminary

Delay imprinted in structure of light curve? 

apply Bayesian block and HOP analysis

detection of 33 flares (“hopjects”)

distribution of distances between all peaks

mailto:sarah.wagner@uni-wuerzburg.de
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Peak distances
Peak distances < 90d in regular (blue) and Bayesian binning (black), total: 80

preliminary

significantly higher probability for distance  
to lay between 19.75 and 26.25 days

mailto:sarah.wagner@uni-wuerzburg.de
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Auto-correlation

Definition:

Self correlated signal would show peak in ACF

<latexit sha1_base64="CLsrkv/4PIOdJyjwyW4eJrlc1Iw="></latexit>

Ry(⌧) = E[y(t) y(t+ ⌧)] =

Z +1

�1
y(t) y(t+ ⌧) dt =

Z +1

�1
|Y (s)|2ei2⇡st ds

Auto-corr Theorem:

Discrete Correlation Function (DCF)

Edelson & Krolik (1988)

similar: zDCF, structure function

Lomb-Scargle Periodogram (LSP)

Scargle et al (1982)

BUT: unevenly sampled measurements over a finite observation period

mailto:sarah.wagner@uni-wuerzburg.de
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Discrete Correlation Function  
Edelson & Krolik 1988

UDCFi,j =
(ai�ā) (bj�b̄)p

(�2
a � e2a) (�

2
b � e2b)

detrend

normalize

Consider all measurement pairs a_i and b_i from the two time series and compute 

as well as the time shift between the corresponding times: �ti,j = tj � ti

To compute DCF, average over all UDCF values within a chosen bin �⌧

This can be done over the whole light curve or a certain lag range.



Discrete Correlation Function
Bias of DCF can be minimized either by 


—> not applying a TS filter or 

—> detrending and normalizing the DCF

biased 

eg dip at center due 

to TS filter

not biased 

(to be discussed)

not biased 

(to be discussed)
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UDCFi,j =
(ai�ā) (bj�b̄)p

(�2
a � e2a) (�

2
b � e2b)

detrend per bin
normalize

Discrete Correlation Function (Edelson & Krolik 1988) 

preliminary

A) Auto-correlation: DCF
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<latexit sha1_base64="gMdccFO0SM5mQF+CmlHqvyvA0gI="></latexit>

R(x) =

Z +1

�1
f(u)f⇤(u� x)du =

Z +1

�1
|FLS(s)|2ei2⇡sxds

The auto-correlation approximated with the FT of the (Lomb-Scargle) Periodogram:

preliminary

A) Auto-correlation: LSP
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Metric Optimization

We know behavior of light curve based on lensing


solve for intrinsic light curve


fit for lens observables

define a metric M to judge whether x(t) is a 
“good” intrinsic light curve

find values for lens observables a, t_0 that 
optimize metric 

<latexit sha1_base64="alTI2LqGEvSm37pxo2OISwPqQb8=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0iGWm+NoIRTcuK9iHtGPJpHfa0MyDJCOUoR/gxl9x40IRt36AO//GTDsLbT0QcjjnXJJ7nJAzqUzz28gsLC4tr2RXc2vrG5tb+e2dhgwiQaFOAx6IlkMkcOZDXTHFoRUKIJ7DoekMrxK/+QBCssC/VaMQbI/0feYySpSWuvnCXVGW8AVuJVfRwoeYwH18xCqdkGHVNbEcl3TKLJsT4HlipaSAUtS6+a9OL6CRB76inEjZtsxQ2TERilEO41wnkhASOiR9aGvqEw+kHU+WGeMDrfSwGwh9fIUn6u+JmHhSjjxHJz2iBnLWS8T/vHak3HM7Zn4YKfDp9CE34lgFOGkG95gAqvhIE0IF03/FdEAEoUr3l9MlWLMrz5NGpWydlk9ujgvVy7SOLNpD+6iILHSGquga1VAdUfSIntErejOejBfj3fiYRjNGOrOL/sD4/AGxIZel</latexit>

Y (s) = X(s)(1 + ae�i2⇡t0s)
<latexit sha1_base64="PQCkGReeD80FRUSWH50x+OfChsM=">AAACAnicbZDLSgMxFIYz9VbrrepK3ASL0KKWGfG2EYpuXFawF2iHIZOmbWgmMyRnxDIUN76KGxeKuPUp3Pk2ppeFth4I+fj/c0jO70eCa7Dtbys1N7+wuJRezqysrq1vZDe3qjqMFWUVGopQ1X2imeCSVYCDYPVIMRL4gtX83vXQr90zpXko76AfMTcgHcnbnBIwkpfd6eehgC/xw/A6wKR5aOgIPLvgZXN20R4VngVnAjk0qbKX/Wq2QhoHTAIVROuGY0fgJkQBp4INMs1Ys4jQHumwhkFJAqbdZLTCAO8bpYXboTJHAh6pvycSEmjdD3zTGRDo6mlvKP7nNWJoX7gJl1EMTNLxQ+1YYAjxMA/c4opREH0DhCpu/opplyhCwaSWMSE40yvPQvW46JwVT29PcqWrSRxptIv2UB456ByV0A0qowqi6BE9o1f0Zj1ZL9a79TFuTVmTmW30p6zPH6U0lGg=</latexit>

y(t) = x(t) + a x(t� t0)

<latexit sha1_base64="FdZEa2gig09eGsBczOuVvTjEC0w="></latexit>

x(t) = IFT


FT [y(t)]

1 + a e�i!t0

�

<latexit sha1_base64="kRkl75YMOj/NioDnPeQRLei3nnc="></latexit>

Estimated(a, t0) = argmin M [x(t|a, t0)]

FT

https://confluence.slac.stanford.edu/display/SCIGRPS/High-energy+variability+of+the+gravitationally+lensed+blazar+PKS+1830-211
mailto:sarah.wagner@uni-wuerzburg.de
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MO example

Many properties could be utilized 
as metric. One example: 


Variance of intrinsic light curve
<latexit sha1_base64="sczwkrUUdTTSL+Owl75LkUvuVG0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBah3ZREfG2Eohs3QgX7gDSUyXTSDp1kwsyktISCG3/FjQtF3PoT7vwbJ20W2nrgwuGce7n3Hi9iVCrL+jZyS8srq2v59cLG5tb2jrm715A8FpjUMWdctDwkCaMhqSuqGGlFgqDAY6TpDW5SvzkkQlIePqhxRNwA9ULqU4yUljrmwZ0zKqmyC69gO/D4KBkiMSmlUrljFq2KNQVcJHZGiiBDrWN+tbscxwEJFWZISse2IuUmSCiKGZkU2rEkEcID1COOpiEKiHST6Q8TeKyVLvS50BUqOFV/TyQokHIceLozQKov571U/M9zYuVfugkNo1iREM8W+TGDisM0ENilgmDFxpogLKi+FeI+EggrHVtBh2DPv7xIGicV+7xydn9arF5nceTBITgCJWCDC1AFt6AG6gCDR/AMXsGb8WS8GO/Gx6w1Z2Qz++APjM8fx9iWWQ==</latexit>

M [x(t)] = var(x(t))

Figure to the right:  
test case for noise-free simulated data.  
Known parameter values: blue dot,  
estimated values (minimum of variance 
of x(t)): red circle


https://confluence.slac.stanford.edu/display/SCIGRPS/High-energy+variability+of+the+gravitationally+lensed+blazar+PKS+1830-211
mailto:sarah.wagner@uni-wuerzburg.de
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Metrics for Optimization

Average best ones

Error of predicted time delay in dependence of true values in simulations

https://confluence.slac.stanford.edu/display/SCIGRPS/High-energy+variability+of+the+gravitationally+lensed+blazar+PKS+1830-211
mailto:sarah.wagner@uni-wuerzburg.de
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Overall results

preliminary

preliminary

solid circles are the metric optimized estimates; solid squares and lines are the bootstrap means 
and variances. Open symbols at similarly for the autocorrelation-based estimates using Equation

https://confluence.slac.stanford.edu/display/SCIGRPS/High-energy+variability+of+the+gravitationally+lensed+blazar+PKS+1830-211
mailto:sarah.wagner@uni-wuerzburg.de


sde-crt

Image: https://www.esa.int/ESA_Multimedia/Images/2015/07/Gravitational_lensing#.YzTN2pCFR7g.link

let's  
connect!

Patrick Günther

https://github.com/pguenth/sde-crt
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Stochastic Differential Eqs

t0 t1

t

x0

x

p(x)

A=0; B=1

SDE: next step of a process X_t is defined by:

e.g. „draw 
back“ to mean

white noise (random contribution) 
expressed through Wiener process 

Drift Diffusion
+

dXt,i

dt
= Ai(t,Xt) +

NX

j=1

Bi,j(t,Xt)
dW⌧

d⌧

mailto:sarah.wagner@uni-wuerzburg.de
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Particle Acceleration
Goal: create self-consistent model with multiple time dependent 

acceleration mechanisms (diffusive shock acceleration, stochastic 
acceleration, shock-drift) described by diffusion-convection simulations

mailto:sarah.wagner@uni-wuerzburg.de
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Ornstein Uhlenbeck Process

uT+1 = uT + ✓�t(µ� uT ) + �
p
�tNT

Drift Diffusion
„draw back“ to  mean 

revision level      at 
mean revision rate   .

white noise described 
with Gaussian around 0 

and variance      .
µ

✓ �2

see Burd et al. 2021 A&A 645, A62
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High-energy variability of the gravitationally 
lensed blazar PKS 1830-211

Image: https://www.esa.int/ESA_Multimedia/Images/2015/07/Gravitational_lensing#.YzTN2pCFR7g.link


